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Euler-Lagrange
$(X, \Vert\cdot\Vert)$ $n\in \mathbb{N},$ $n\geq 2,$ $p\in \mathbb{R},p>0$
$\frac{\Vert a_{1}x_{1}+\cdots+a_{n}x_{n}\Vert^{p}}{\lambda}\leq\frac{\Vert x_{1}\Vert^{p}}{\mu_{1}}+\cdots+\frac{\Vert x_{n}\Vert^{p}}{\mu_{n}}(x_{1}, \ldots, x_{n}\in X)$ , (1)
$(a_{1}, \ldots, a_{n}, \lambda, \mu_{1}, \ldots, \mu_{n})\in \mathbb{C}^{n}\cross \mathbb{R}\cross \mathbb{R}^{n}$
Remark. $H$ Hilbert $\lambda,\mu,$ $\nu,$ $a,$ $b\in \mathbb{R},$ $\lambda=\mu a^{2}+vb^{2}$
$\frac{\Vert x\Vert^{2}}{\mu}+\frac{\Vert y\Vert^{2}}{\nu}-\frac{\Vert ax+by\Vert^{2}}{\lambda}=\frac{\Vert\nu bx-\mu ay\Vert^{2}}{\lambda\mu\nu}(x, y\in H)$ .
Euler-Lagrange $\lambda\mu\nu>0$
$a,$ $b\in \mathbb{C}$
$\frac{\Vert ax+by\Vert^{2}}{\lambda}\leq\frac{\Vert x\Vert^{2}}{\mu}+\frac{\Vert y\Vert^{2}}{\nu}(x, y\in H)$ .
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[9] -Rassias- -
$\frac{\Vert ax+by\Vert^{p}}{\lambda}\leq\frac{\Vert x\Vert^{p}}{\mu}+\frac{\Vert y\Vert^{p}}{v}(x, y\in H)$
$(a, b, \lambda, \mu, v)\in \mathbb{C}^{2}\cross \mathbb{R}^{3}$




$D_{p}^{+}= \{(a, b, \lambda, \mu, v):\frac{\Vert ax+by\Vert^{p}}{\lambda}\leq\frac{\Vert x\Vert^{p}}{\mu}+\frac{\Vert y\Vert^{p}}{v}(x, y\in X)\}$
$p>1$ $p’=(1-1/p)^{-1}$
(i) $D_{p}^{+}\cap\{\lambda>0, \mu>0, v>0\}$
$=\{\lambda>0, \mu>0, v>0, |\lambda|^{1/(p-1)}\geq|\mu|^{1/(p-1)}|a|^{p’}+|\nu|^{1/(p-1)}|b|^{p’}\}.$
(ii) $D_{p}^{+}\cap\{\lambda<0, \mu<0, v>0\}$
$=\{\lambda<0, \mu<0, \nu>0, |\lambda|^{1/(p-1)}\leq|\mu|^{1/(p-1)}|a|^{p’}-|v|^{1/(p-1)}|b|^{p’}\}.$
(iii) $D_{p}^{+}\cap\{\lambda<0, \mu>0, \nu<0\}$
$=\{\lambda<0, \mu>0, v<0, |\lambda|^{1/(p-1)}\leq-|\mu|^{1/(p-1)}|a|^{p’}+|v|^{1/(p-1)}|b|^{p’}\}.$
(iv) $D_{p}^{+}\cap\{\lambda<0, \mu<0, \nu<0\}=\emptyset.$
(v) $D_{p}^{+}\cap\{\lambda>0, \mu>0, v<0\}=\emptyset.$
(vi) $D_{p}^{+}\cap\{\lambda>0, \mu<0, v>0\}=\emptyset.$
(vii) $D_{p}^{+}\cap\{\lambda>0, \mu<0, v<0\}=\emptyset.$
(viii) $D_{p}^{+}\cap\{\lambda<0, \mu>0, v>0\}=\mathbb{C}\cross \mathbb{C}\cross \mathbb{R}^{3}\backslash \{\lambda\mu v=0\}.$
$p=1$
$D_{1}^{+}=\{\lambda<0, \mu>0, v>0\}$
$\cup\{\lambda>0, \mu>0, v>0, \lambda\geq\mu|a|, \lambda\geq\nu|b|\}$
$\cup\{\lambda<0,\mu<0, v>0, \lambda\geq\mu|a|, -v|b|\geq\mu|a|\}$
$\cup\{\lambda<0, \mu>0, v<0, \lambda\geq\nu|b|, -\mu|a|\geq v|b|\}.$
[2] Dadipour-Moslehian-Rassias-
$\Vert x_{1}+\cdots+x_{n}\Vert^{p}\leq\frac{\Vert x_{1}\Vert^{p}}{\mu_{1}}+\cdots+\frac{\Vert x_{n}\Vert^{p}}{\mu_{n}}(x_{1}, \ldots, x_{n}\in X)$ (2)
$(\mu_{1}, \ldots, \mu_{n})\in \mathbb{R}^{n}$ (cf. [Theorem3.5]).
[1] Abramovich-Iveli\v{c}-Pecari\v{c} $|$ (1) $(a_{1}, \ldots, a_{n}, \lambda, \mu_{1}, \ldots, \mu_{n})\in$
$\mathbb{C}^{n}\cross \mathbb{R}\cross \mathbb{R}^{n}$ (cf. [Theorem3.6]).




[5], [6], [7], [8] $\mathbb{C}^{n}$ absolute normalized
$\mathbb{C}^{n}$
$\Vert\cdot\Vert$ absolute
$\Vert(z_{1}, z_{2}, \ldots, z_{n})\Vert=\Vert(|z_{1}|, |z_{2}|, \ldots, |z_{n}|)\Vert$
$(z_{1}, z_{2}, \ldots, z_{n})\in \mathbb{C}^{n}$ normalized
$\Vert(1,0, \ldots, 0)\Vert=\Vert(0,1,0, \ldots, 0)\Vert=\cdots=\Vert(0, \ldots,0,1)\Vert=1.$
$AN_{n}$ $\mathbb{C}^{n}$ absolute normalized [8]
- - $\mathbb{C}^{n}$ absolute normalized
$n\in \mathbb{N},$ $n\geq 2$
$\Delta_{n}=\{(t_{1}, t_{2}, \ldots, t_{n-1})\in \mathbb{R}^{n-1}$ : $t_{1},$ $t_{2},$ $\ldots,$ $t_{n-1}\geq 0,$ $\sum_{j=1}^{n-1}t_{j}\leq 1\}$
$\Vert\cdot\Vert\in AN_{n}$
$\psi(t_{1}, t_{2}, \cdots, t_{n-1})=\Vert(1-\sum_{j=1}^{n-1}t_{j}, t_{1}, \ldots, t_{n-1})\Vert ((t_{1}, t_{2}, \ldots, t_{n-1})\in\triangle_{n})$ (3)
$\psi$ $\triangle_{n}$ :
$\psi(0, \ldots, 0)=\psi(1,0, \ldots, 0)=\psi(0,1,0, \ldots, 0)=\cdots=\psi(0, \ldots, 0,1)=1$ (A)
$\psi(t_{1}, \ldots, t_{n-1})\geq(t_{1}+\cdots+t_{n-1})\psi(\frac{t_{1}}{t_{1}+\cdots+t_{n-1}}, \ldots, \frac{t_{n.-1}}{t_{1}+\cdot\cdot+t_{n-1}})$ (A)
$\psi(t_{1}, \ldots, t_{n-1})\geq(1-t_{1})\psi(0, \frac{t_{2}}{1-t_{1}}, \ldots, \frac{t_{n-1}}{1-t_{1}})$ (A)
$\psi(t_{1}, \ldots, t_{n-1})\geq(1-t_{2})\psi(\frac{t_{1}}{1-t_{2}},0, \frac{t_{3}}{1-t_{2}}, \ldots\frac{t_{n-1}}{1-t_{2}})$ (A)





$=\{\begin{array}{ll}(|z_{1}|+\cdots+|z_{n}|)\psi(\frac{|z.2|}{|z1|+\cdot\cdot+|z_{n}|}, \ldots, \frac{|z_{n}|}{|z_{1}|+\cdots+|z_{n}|}) ((z_{1}, \ldots, z_{n})\neq(0, \ldots,0))0 ((z_{1}, \ldots, z_{n})=(0, \ldots, 0))\end{array}$
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$z_{n}) \Vert_{\psi}^{*}=\sup\{|\sum_{j=1}^{n}z_{j}w_{j}|:\Vert(w_{1}, w_{2}, \ldots, w_{n})\Vert_{\psi}=1\}$ $((z_{1}, z_{2}, \ldots, z_{n})\in \mathbb{C}^{n})$
$\Vert\cdot\Vert_{\psi}^{*}\in AN_{n}$ $\Psi_{n}$
$\psi^{*}(s_{1}, \ldots, s_{n-1})=\sup_{(t_{i},\ldots,t_{n-1})\in\Delta_{n}}\frac{(1-\sum_{j=1}^{n-1}t_{j})(1-.\sum_{j=1}^{n-1}s_{j})+\sum_{j=1}^{n-1}t_{j}s_{j}}{\psi(t_{1},..,t_{n-1})}$
$\Vert\cdot\Vert_{\psi}^{*}=\Vert\cdot\Vert\psi*$ $(z_{1}, \ldots, z_{n}),$ $(w_{1}, \ldots, w_{n})\in$
$\mathbb{C}^{n}$ generalized H\"older inequality:
$\sum_{j=1}^{n}|z_{j}w_{j}|\leq\Vert(z_{1}, \ldots, z_{n})\Vert_{\psi}\Vert(w_{1}, \ldots, w_{n})\Vert_{\psi^{*}}$ (4)
absolute normalized $\mathbb{C}^{n}$ $\ell_{p}$-norm:




$\psi_{p}(t_{1}, \ldots, t_{n-1})=\{\begin{array}{ll}\{(1-\sum_{j=1}^{n-1}t_{j})^{p}+t_{1}^{p}+\cdots+t_{n-1}^{p}\}^{\frac{1}{p}} (1\leq p<\infty)\max\{1-\sum_{j=1}^{n-1}t_{j}, t_{1}, \ldots, t_{n-1}\} (p=\infty)\end{array}$
$\Vert\cdot\Vert_{p}$ $\Vert\cdot\Vert_{p}^{*}=\Vert\cdot\Vert_{\psi_{p}}^{*}$





$\tilde{\psi}(0, \ldots, 0)=\tilde{\psi}(1,0, \ldots, 0)=\tilde{\psi}(0,1,0, \ldots, 0)=\cdots=\tilde{\psi}(0, \ldots, 0,1)=1$
$\tilde{\Psi}_{n}$ $\psi\in\Psi_{n}$ $\tilde{\psi}\in\tilde{\Psi}_{n}$ $\mathbb{C}^{n}$
$\Vert\cdot\Vert_{\tilde{\psi}}$
$\Vert(z_{1}, \ldots, z_{n})\Vert_{\tilde{\psi}}$
$=\{\begin{array}{ll}(|z_{1}|+\cdots+|z_{n}|)\tilde{\psi}(\frac{|z.2|}{|z1|+\cdot\cdot+|z_{n}|}, \ldots, \frac{|z_{n}|}{|z1|+\cdots+|z_{n}|}) ((z_{1}, \ldots, z_{n})\neq(0, \ldots, 0))0 ((z_{1}, \ldots, z_{n})=(0, \ldots, 0))\end{array}$
$(z_{1}, \ldots, z_{n}),$ $(w_{1}, \ldots, w_{n})\in \mathbb{C}^{n}$
generalized inverse Minkowski inequality:
$\Vert(|z_{1}|+|w_{1}|, \ldots, |z_{n}|+|w_{n}|)\Vert_{\tilde{\psi}}\geq\Vert(|z_{1}|, \ldots, |z_{n}|)\Vert_{\overline{\psi}}+\Vert(|w_{1}|, \ldots, |w_{n}|)\Vert_{\tilde{\psi}}$ (5)
$p\in \mathbb{R},$ $0<p<1$
$\tilde{\psi}_{p}(t_{1}, \ldots, t_{n-1})=\{(1-\sum_{j=1}^{n-1}t_{j})^{p}+t_{1}^{p}+\cdots+t_{n-1}^{p}\}^{\frac{1}{p}}$
$\tilde{\psi}_{p}\in\tilde{\Psi}_{n}$ $\Vert(z_{1}, \ldots, z_{n})\Vert_{\tilde{\psi}_{p}}=(|z_{1}|^{p}+\cdots+|z_{n}|^{p})^{\frac{1}{p}}$
3
$(X, \Vert\cdot\Vert)$ $n\in \mathbb{N},$ $n\geq 2$ $\psi\in\Psi_{n}$ $X^{n}$
$\Vert(x_{1}, x_{2}, \ldots, x_{n})\Vert_{\psi}=\Vert(\Vert x_{1}\Vert, \Vert x_{2}\Vert, \ldots, \Vert x_{n}\Vert)\Vert_{\psi}(x_{1}, \ldots, x_{n}\in X)$ (6)
$(X^{n}, \Vert . \Vert_{\psi})$ $X$ $\psi$- $P_{\psi}^{n}(X)$
(cf. [4]). Generalized H\"older inequality (4) $\vee\rangle$
Theorem 3.1. $X$ $\psi\in\Psi_{n},$ $(a_{1}, \ldots, a_{n})\in \mathbb{C}^{n}$
$\Vert\sum_{j=1}^{n}$ ajxj $\Vert\leq\Vert(x_{1}, \ldots, x_{n})\Vert_{\psi}$ $(x_{1}, \ldots,x_{n}\in X)$
$\Vert(a_{1}, \ldots, a_{n})\Vert_{\psi}\cdot\leq 1$
Theorem 3. 1 $\psi=\psi_{p}$ Corollary
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Corollary 3.2. $X$ $p\in \mathbb{R},p>1,$ $(a_{1}, \ldots, a_{n})\in \mathbb{C}^{n}$




$\Vert\cdot\Vert_{\overline{\psi}}$ (6) $(X^{n}, \Vert\cdot\Vert_{\overline{\psi}})$
$l_{\overline{\psi}}^{n}(X)$ generalized inverse Minkowski inequality (5)
Theorem 3.3. $X$ $\tilde{\psi}\in\tilde{\Psi}_{n},$ $(a_{1}, \ldots, a_{n})\in \mathbb{C}^{n}$
$\Vert\sum_{j=1}^{n}$ ajxj $\Vert\leq\Vert(x_{1}, \ldots, x_{n})\Vert_{\overline{\psi}}$ $(x_{1\cdots)}x_{n}\in X)$
$\max\{|a_{1}|, \ldots, |a_{n}|\}\leq 1$
Theorem 3.3 $\tilde{\psi}=\tilde{\psi}_{p}$ Corollary
Corollary 3.4. $X$ $p\in \mathbb{R},$ $0<p\leq 1,$ $(a_{1}, \ldots, a_{n})\in \mathbb{C}^{n}$
$\Vert\sum_{j=1}^{n}$ ajxj $\Vert^{P}\leq\Vert x_{1}\Vert^{p}+\cdots+\Vert x_{n}\Vert^{p}$ $(x_{1}, \ldots, x_{n}\in X)$
$\max\{|a_{1}|, \ldots, |a_{n}|\}\leq 1$
Remark. Theorem Corollary $X$
$a_{1},$ $a_{2}\in \mathbb{C}$
$\Vert a_{1}x_{1}+a_{2}x_{2}\Vert\leq\Vert x_{1}\Vert+\Vert x_{2}\Vert (x_{1}, x_{2}\in X)$
$\max\{|a_{1}|, |a_{2}|\}\leq 1$
$p\in \mathbb{R},$ $p>0$
$\Vert x_{1}+\cdots+x_{n}\Vert^{p}\leq\frac{\Vert x_{1}\Vert^{p}}{\mu_{1}}+\cdots+\frac{\Vert x_{n}\Vert^{p}}{\mu_{n}}(x_{1}, \ldots, x_{n}\in X)$
$(\mu_{1}, \ldots , \mu_{n})\in \mathbb{R}^{n}$
$F(p)= \{(\mu_{1}, \ldots, \mu_{n})\in \mathbb{R}^{n}:\Vert\sum_{j=1}^{n}x_{j}\Vert^{p}\leq\sum_{j=1}^{n}\frac{\Vert x_{j}\Vert^{p}}{\mu_{j}}(x_{1}, \ldots, x_{n}\in X)\}$
$k=0,1,$ $\ldots,$ $n$ $F(p)$ $(\mu_{1}, \ldots, \mu_{n})\in \mathbb{R}^{n}$
$k$ $F(p;k)$
$F(p)= \bigcup_{k=0}^{n}F(p;k)$
Corollary 3.2 3.4 Theorem
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Theorem 3.5 (cf. [2, Theorems 2.4 2.5]). $X$ $P\in \mathbb{R},p>0$
:
(i) $F(p;0)$
$=\{\begin{array}{ll}\{(\mu_{1}, \ldots, \mu_{n})\in \mathbb{R}^{n}:\mu_{1}, \ldots, \mu_{n}>0, \sum_{j=1}^{n}\mu^{\frac{1}{jp-1}}\leq 1\} (p>1)(0,1]\cross\cdots\cross(0,1] (0<p\leq 1) ;\end{array}$
(ii) $F(p; k)=\emptyset(k=1, \ldots, n)$ ;
(iii) $F(p)=F(p;0)$ .
$p\in \mathbb{R},$ $p>0$
$\frac{\Vert a_{1}x_{1}+\cdots+a_{n}x_{n}\Vert^{p}}{\lambda}\leq\frac{\Vert x_{1}\Vert^{p}}{\mu_{1}}+\cdots+\frac{\Vert x_{n}\Vert^{p}}{\mu_{n}}(x_{1}, \ldots, x_{n}\in X)$
$(a_{1}, \ldots, a_{n}, \lambda, \mu_{1}, \ldots, \mu_{n})\in \mathbb{C}^{n}\cross \mathbb{R}\cross \mathbb{R}^{n}$
Theorem 3.6 (cf. [1, Theorem 2]). $X$ $p,$ $q\in \mathbb{R},p>1,1/P+1/q=1,$
$(a_{1}, \ldots, a_{n}, \lambda, \mu_{1}, \ldots, \mu_{n})\in \mathbb{C}^{n}\cross \mathbb{R}\cross \mathbb{R}^{n}$
$\frac{\Vert a_{1}x_{1}+\cdots+a_{n}x_{n}\Vert^{p}}{\lambda}\leq\frac{\Vert x_{1}\Vert^{p}}{\mu_{1}}+\cdots+\frac{\Vert x_{n}\Vert^{p}}{\mu_{n}} (x_{1}, \ldots, x_{n}\in X)$
:
(i) $\lambda>0$ , $i\in\{1, \ldots, n\}$ $\mu_{j}>0$ ,
$\lambda^{\frac{1}{p-1}}\geq\sum_{j=1}^{n}\mu^{\frac{1}{jp-1}}|a_{j}|^{q}$ ;
(ii) $\lambda<0$ , $i\in\{1, \ldots, n\}$ $\mu_{i}<0$ , $i\in\{1, \ldots, n\}\backslash \{i\}$
$\mu_{j}>0$ ,
$(-\mu_{i})^{\frac{1}{p-1}|a_{i}|^{q}\geq(-\lambda)^{\frac{1}{p-1}}+\sum_{j\overline{\neq}i}^{n}\mu^{\frac{1}{jp-1}}|a_{j}|^{q};}j-1$
(iii) $\lambda<0$ , $i\in\{1, \ldots, n\}$ $\mu_{j}>0$ , $(a_{1}, \ldots, a_{n})\in \mathbb{C}^{n}$
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